CONVEXITY AND A CERTAIN PROPERTY P,

BY
DAVID C. KAY AND MERLE D. GUAY

ABSTRACT

The property P,, (directly analogous to Valentine’s property P3) is used to
prove several curious results concerning subsets of a topological linear space,
among them the following: (a) If a closed set S has property P,, and contains k
points of local nonconvexity no distinct pair of which can see each other via S,
then S is the union of m — k — 1 or fewer starshaped sets. (b) Any closed
connected set with property P,, is polygonally connected. (c) A closed connected
set S with property P,. is an L,, -1 set (each pair of points may be joined by a
polygonal arc of m — 1 of fewer sides in S). (d) A finite-dimensional set with
property P, is an L, _3 set. A new proof of Tietze’s theorem on locally convex
sets is given, and various examples refute certain plausible conjectures.

1. Introduction. A considerable amount of research has been devoted to
the convexity properties of a set which are determined by assumptions made on
each m points of the set (m = 2). By altering those assumptions for a closed
set in E?, for example, one may conclude variously that S is starshaped (Kras-
nosel’skit [10]), S is the union of three convex sets (Valentine [16]), S is convex
(Marr and Stamey [11]), S is the union of two convex sets (Stamey and Marr [14]),
or S is the union of two starshaped sets (Koch and Marr [9]). For related results
see Allen [1], Hare and Gaddum [6], Hare and Kenelly [7], and McKinney [13].

Our concern here is with the following condition: In any linear space, a set S is
said to be (m, n) convex if it contains at least m points, and if for each m distinct

m

2

contained in S. If S is (m, 1) convex, or briefly, m-convex, then S is said to have

points of S at least n of the ( ) possible segments determined by those points are

property P,. We shall call a set exactly (m,n) convex if it is (m, n) convex, but not

m . ip e, s
(m,n+1) convex, m 23 and n g(z ) , and a set is exactly m-convex if it is

m-convex, but not (m — 1)-convex, m = 2. The convention that no nonempty set

Received June 7, 1968 and in revised form December 23, 1969,

39



40 DAVID C. KAY AND MERLE D. GUAY Israel J. Math.,

is 1-convex will be made, so it follows that every infinite convex set is exactly
2-convex.

The concept of (m,n) convexity is but a special case of even more general
ideas proposed by J. E. Allen [1] and various concepts discussed by Danzer,
Griinbaum, and Klee [4], but these authors were primarily interested in characteri-
zations of convexity. Property P,, was introduced for the case m = 3 by Valentine
[16] who proved it was a sufficient condition for a closed set in E? to be the union
of three convex sets, It is apparently a difficult question whether an arbitrary
closed set in E* having property P, for m > 3 and d = 2 is the union of even a
finite number of convex sets.

The discussion will begin with the more general concept of (m,n) convexity,
then it will be devoted to property P,. The setting is a Hausdorff topological
linear space .Z over the reals, with certain results applying more particularly to a
finite d-dimensional space E°. The (closed) segment with endpoints x and y is the
set {z; =(1 — A)x + Ay: 0 £ 1 £ 1}, denoted by xy, while the half-open segments
determined by x and y are the sets {z;} for which, respectively, 0<1<1,
0<A=1,and 0< <1, denoted by [xy),(xy], and (xy). The convex hull of a
set S will be denoted conv S, its (topological) closure, ¢l S, and its boundary, bd S.

The authors take this opportunity to acknowledge with appreciation the many
helpful comments and additional information provided by the referee.

2. (m,n) Convexity. For brevity let the binomial coef’ﬁcient( ;n) = %m(m -1
be represented by C,,. For each pair of integers (m,n), m Z3and 1 £n < C, one
can easily construct sets S = EZ which are exactly (m, n) convex, in the following
manner: Note that the positive integers 1,2, 3, .- may be written C; —2, C; — 1,
C,—3,C,—2,Cy—1,Cs—4,--- and thus there exists integers r and s such that
n=Cn_,—5 0Zr<m-—3and 1 £s<m—r—1; then take S to be the set
consisting of r isolated points, together with an (m — r)-sided convex polygon with
interior, but with precisely s open sides removed. However, an elementary argument
we leave for the reader proves the following result, which shows the impossibi-

lity “of such a onstruction for closed sets.

LemMMA 1. A closed (m,C,,_, + 1) convex set is convex.

It is possible to sharpen this considerably, which yields the following theorem:

TueoreM 1. IfS < % and S is a closed (m,n) convex set with n > %(m — 1)?,
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then S is either convex or the union or a closed, convex set S; and k isolated

points not in S,, where
ksm—3(1+ 8n+1

Proor. If S is not convex there exist points xe S and ye S such that xy ¢ S
and if S is connected we can find two infinite nets {x;} and {y,} in S defined by
the directed sets D and E such that lim,px;=x and lim;y; = y. Since S is
closed there exist iy € D, j, € E such that for i = iy and j = j, x;3; ¢ S. We can
then obtain m points x; and y; in S such that the number of segments joining
them and lying in S does not exceed

2Cpyz =Hm — 1> — }
if m is even, or
Cr+1 + Cr = %(m - 1)2

if m is odd and m = 2r + 1, which contradicts the hypothesis. If S is not con-
nected, then by the preceding argument each component is convex. In view of
the inequality n > 3(m — 1)? it follows that the components must be singletons
{p1},---,{pe} for some finite k, and S, any closed convex set. Since among the
points p; no joins occur while among any set of points in S, all possible occur,
we must have

C'm—k g n
from which the desired inequality in m, k, and n may be derived.
COROLLARY 1. A closed, connected (m,n) convex set in &£ is convex if
n>i(m—1)>

ReMark 1. The result in Corollary 1 is best possible since the union of any two
infinite convex sets is (m,[2(m — 1)*]) convex for each m = 2. Obviously, the
bound for k in the theorem is also best by the manner in which it was obtained.
A bound which depends on m only is useful if S is exactly (m, n) convex. Since
n>2%(m—1)it follows that

k<m—3(1+ /2m2—4m+3).

ReMARK 2. The referee has pointed out that a theorem due to Turan [15]
enables one to determine the (m,n) convexity of a closed set S < £ in terms of
the k-convexity of its components and the number of its one-pointed components
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(= isolated points). If S has infinitely many connected components, or if a many-
pointed component of S is not k-convex for any k, then § is not m-convex nor
(m, n) convex for any m, n. Suppose S has s isolated points and a positive number
t of many-pointed components C,,---,C,, and that C; is exactly (m; + 1}-convex
for 1<igt(0Ss<ow,1m< oo for 1<i<t). Then S is exactly
(M + s + 1)-convex, where M = X/_,m;. Suppose M =s<m < co, and let
m—s=kM+r, where k=1 and 1 £r <M. Then S is exactly (m,n) convex,
where n = 1(m — s)(k — 1) + 4r(k + 1). That S is not (m,n + 1) convex can be
shown explicitly by a simple construction: First choose M points y,-,y in
Uf=1C,-, such that y;y; ¢S for 1 £i<j< M, then replace each y; by k+1
(if 1 £i<r)or k (if r < i £ M) distinct points sufficiently close to y;, as in the
proof of Theorem 1, and finally, add all the isolated points of S. The (m, n) con-
vexity of S follows from Turdn’s theorem: A graph with m — s vertices and fewer
than n edges must contain an independent set of more than M vertices.

3. Starshaped sets, L, sets and m-convexity. We now turn our attention to
the more special case of m-convexity. There are sets which are not m-convex for any
m = 2; for example, consider the complement of a strictly convex body in E%,
d > 1. On the other hand, the union of any collection of m many-pointed convex
sets is (m + 1)-convex (m = 1). The converse need not hold as the example of the
five-pointed star with interior shows. It is an open question whether for any
value of m greater than 3 a closed m-convex set in E* is the union of a finite
number of convex sets.

The following usual terminology will be employed freely:

DerINITION : If the open segment joining two points x and y is contained in S,
then we shall say that x sees y via S (x and y need not be in S, and we use the
convention that any point in S sees itself via S). If x sees ye T via S then we
shall say that x sees T via S. A set T is visually independent via S if no two
distinct members of T see each other via S. If x € S, define the Jocal kernel of S at x
to be the set of all points of S which x can see via S, and denote this by S,.
S is said to be locally starshaped at x € S if there exists a neighborhood whose
intersection with S is starshaped with respect to x; S is locally starshaped if and
only if it is locally starshaped at each of its points (it is well known that an open
set in a topological linear space is locally starstaped). Finally, we defne a
point of local nonconvexity (or, Inc point) of S to be any point xe S such that
each neighborhoood U of x contains points y€ S, ze S such that yz ¢S. Such
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points are referred to in Valentine [17] as points of “*strong local nonconvexity”’
(Definition 4.2, p. 48).

In connection with our opening comments in this section, the following example
proves to be quite instructive:

ExampLE 1. Let E* be identified with the complex plane and let C be the unit
circle I zl =1,withz, = e forn=0,1,2, . Let P be the infinite-sided polygon

which circumscribes C, touching C at precisely the points 1, e~ ™/>

, and z, for n
even. The set S is then defined as the set of jpoints on and inside P with those z,
deleted for which n is odd.

We show that S is 4-convex, but is not the union of finitely many convex sets
(an example of a 4-convex starshaped set in E*> which is not the union of finitely
many convex sets can be obtained by taking the cone of p over S, where p is any
point not in the plane of S; see the definition preceding Theorem 7). Note that S
is the disjoint union of C less the points z,,,, (n = 0,1, ---), the interior of C, and
connected sets T,,,, (n = —2, —1,0,---) which contain the vertices of P, with
Zynp1€Dd To,4y (n=0,1,---). It then follows that if xeT, and yeT,, p#q,
the segment xy is either tangent to C or cuts C in two points x'ebd 7, and
y'ebdT,. Thus if z, exy and r is odd, then r = p, or r = g. Now suppose x;
(i=1,2,3,4) are four points of S such that x;x; ¢S (1 <i<j<4). Then at
least three of those points belong to U,,"":o Ts,+1, 53y X4,X,5, X3, and no segment
x;x; is tangent to C. Suppose x,€7,, x,€T,, and x;¢€7,, and that z,€ xx,,
z, €X;X3 and z,.€Xx,Xx3. Since the points x,,x,,Xx; cannot be collinear, u, u’,
and u"”are distinct and we must haveu = poru=gq,u’ =poru’ =r,and u" =g
or u” = r. The cases being similar, assume that u = p and, therefore, u’ # p, u’ = r,
and u” = g. A contradiction is thereby gained by examining the cases resulting
from z,€ x,x4, z,-€ X,X4, and z,.€ x3X,. Thus S is 4-convex. If S were the finite
union of convex sets, say S = UL 1 Ci, then the ray with origin O passing through

z, (p=1,3,5,--) meets bd S again at w,, and a subsequence w, ,+++,w, , --- must be-

pn>”

long to a single C,. Since lim,,,w, = w, =1, the triangle (w, , w,,, w,) conta-

py? "p2?

ins z,, in its interior; thus, there exists an s such that z,, econv{w, ‘w,,w,} < S,
a contradiction.

The following results show that m-convex sets may be represented as finite
unions of starshaped sets, however. If S is exactly m-convex, S contains a maximal
visually independent subset X = {x;,---,x,,_}. Since each point of S \X must
see some x; and x; can see itself via S,
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m-1
S=(JS.,.
i=1

Hence:

THEOREM 2. Any m-convex set is the union of m — 1 or fewer starshaped
sets.

ReMARK 3. The starshaped subsets S, of Theorem 2 need not be m-convex, as
the set in Example 1 shows: Take x, = 2z, — z,, and S, is clearly not m-convex
for any finite m. The result in Theorem 2 is clearly best possible since S can be
the union of m — 1 disjoint closed convex sets. It is best possible even for connected
m-convex subsets of EZ, as shown by the following elementary example (to be used
later for another purpose):

ExaMPLE 2. With the usual coordinatization of E?, take the points
a, = (k,0) for k =1,---;m and b, = (k,1) for k=1,---,m —1. Define
T, = conv {ay, by, @xr 1} \(@xis1) \(Prttxsy) and S = Upl! T, \{a,}. S is con-
nected and m-convex, but is not the union of fewer than m — 1 starshaped sets
since no two of the m — 1 points b,,---, b,,_, can belong to the same local kernel
of S.

Theorem 2 can be improved for closed, connected m-convex sets as the next
result shows.

THEOREM 3. If a closed m-convex set S = % contains k Inc points (k = 0)
which are visually independent via S, then S is the union of m —k—1or
fewer starshaped sets(*).

Proor. If k =0, Theorem 2 implies the result directly, so assume k =1 and
let q,,-+,q; be k visually independent Inc points of S. Choose a maximal visually
independent subset X = {x,--+,x,} of S such that x;=g; for i =1,---,k(k < h).
As before,

h
S=JS..
i=1

Now since ¢, is an Inc point of S there exist nets {y;} and {z;} in S over the directed
sets D, E such that lim; _p,y;,=lim; ;z;=¢q, but y;z; ¢S for all ieD, jeE.
Since S is closed there exist ie D and j € E such that u; = y; and v; = z; ¢ annot

(1) It follows that in all cases k =< m — 1, and by applying the argument in the proof of the

theorem this may easily be improved to k < [$(m—1)]. If in addition S is connected, Tietze’s
theorem (below) implies that £ = 1, if S is not convex,
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see Xy, -+, X, via S. Thus {u,,v;,x,,x3,--,x,} is a visually independent set via S.
Proceeding inductively, we may locate pairs (u,,v,), -, (1, v,) corresponding to
42"+, qy such that

{ula DUy Ugy ooty Upy Uy X415 "'axk}

is a visually independent subset of S. By m-convexity, h + k £ m — 1, and the
theorem follows.

(Simple examples may be constructed to show that the number m — k —1 in
Theorem 3 is best possible.)

Several authors have explored the convexity properties of L, sets—sets having
the property that each pair of points may be joined by a polygonal arc in the set
having n or fewer sides (see [2], [8], [12] and [18]). This concept has an intimate
relationship with m-convexity as we shall see.

LeMMA 2. A closed m-convex set S is locally starshaped. Thus a closed
connected m-convex set is polygonally connected.

Proor. Ifthere exists a point x and a net {x;} in S over D such that lim; _px, = x
but x;x ¢S for all i e D then there is an i, € D such that for i > i, x,x; ¢8S. Set
y1 =xg and y, = x;,. In the same manner there is an i, € D such that i, > i, and
for i =iy, yox; ¢S. If we set y; =x;, then {y,y,,y5} is a visually independent
subset of S. Continuing inductively, one can find an infinite visually independent
subset {y,**, ¥, -+ }, contradicting the m-convexity of S. The second part of the
lemma then follows by standard arguments (see for example Valentine [17],
Theorem 4.3, p. 49).

(Note that Example 1 shows the necessity of the restriction to closed sets in
Lemma 2.)

THEOREM 4. Any closed, connected m-convex set S = % is an L,,_, set.

Proor. Let x and y be points of S. Since S is polygonally connected there is
apolygonal arc P < S joining x and y. Let F = E“be a finite-dimensional subspace
containing P and suppose S’ is the component of S N F which contains P. Then S’
is a closed m-convex subset of S lying in a finite-dimensional linear space E. If we
prove there is a polygonal arc in S’ joining x and y and having m — 1 or fewer
sides, we shall be finished.

Since S’ is closed there is a polygonal arc P’ in S’ joining x and y having s or
fewer sides, where s is the number of sides in P, and having minimal length. Let the
consecutive vertices of P’ be written
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=Xy X1y Xy =Y, nés,

where the notation is chosen so that no three consecutive vertices are collinear.
Consider a point y;e(x;_,x;) for any i, 1 £i < n. Since y;x;,, ¢S’ (otherwise
there would exist a polygonal arc shorter than P’) and S’ is closed there is a
Vir 1 €(xx;5 1) depending on y, such that y;y,.; ¢S’. Thus, points y;e(x;_;x;),
i=1,-.-,n, may be chosen inductively so that foreachi =1,---,n — 1, y;y;., ¢S’.
But also, because of the minimal length of P’, y;y; ¢S’ for any j>i+ 1 and
hence {y,, -, y,} is a visually independent subset of S’. By m-convexity,n < m — 1.

(A polygonal arc with m— 1 sides shows that the result of Theorem 4 is best

possible.)
Our methods provide an interesting proof of Tietze’s theorem on local con-

vexity. Define a set to be locally convex if it contains no points of local non-
convexity. This concept corresponds to “‘weak local convexity’” in Valentine [17]
(Definition 4.2).

THEOREM 5 (TIETZE): IfS = £ and S is closed, connected, and locally convex,

then S is convex.

Proor. The classic argument shows that S is polygonally connected. Choose
any two points xe S and ye S and let P be a polygonal arc in S joining x and y.
There is a finite-dimensional subspace F, and thus a compact convex set N c F,
which contains P. Let S’ be the component of N N S which contains P. Then S’ is
a compact, connected, locally convex subset of F, and accordingly, one may cover
S’ by relatively open convex neighborhoods N, = S’ (xe §’). Let N,,,--,N, _,
be a finite subcover of the covering {N,}. Hence, as the union of the m — 1 convex
sets N, ,+-+, N, _,, S’ is m-convex. Among all polygonal arcs in S’ joining x and y
and having m or fewer sides, let P’ have least length. Then, as in the proof of
Theorem 4, P’ has m — 1 or fewer sides. It follows that if P’ is not a segment it has
at least three consecutive noncollinear vertices, x,, X, and x5, with x, an Inc point
of S’, since otherwise there would exist a polygonal arc P” with m or fewer sides
and of length less than that of P’. Hence xy = P’ = S’ = S, proving that S is
convex.

Polygonal connectedness for connected m-convex sets which are not closed
may also be derived, as well as a result analogous to Theorem 4, provided the
finite-dimensionality of the space be required. The first step is to prove a result
which replaces the first part of Lemma 2.
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LemMA 3. If x is a limit point of an m-convex set S < E° then x can see
S \{x} via S.

Proor. We use induction on d. Since x is a limit point of S there is an infinite
sequence X, =(x;) in S, i=1,2,.--, converging to x. The m-convexity of S
implies there is an x;, which can see via S all members of a subsequence X, < X,
an x;,€ X; which can see via S all members of a subsequence X, c X, and
inductively, there is an x; € X,_; which can see via S all members of a subsequence
X,eX,_1,n=12,---.If d = 1, it immediately follows that (xx;,] = S (a special
conclusion for dimension 1 not deducible in higher dimensions). If d > 1, let L be
a flat of dimension d — 2 containing x. It may be assumed that no subsequence
of X, lies in a flat of dimension less than d or else the induction hypotheseis
implies the result (by intersecting the flat with S, forming an m-convex set of lower
dimension). Applying this to the particular subsequence (x;) defined above,
there exist three points u =x;, v=1x;, and w=Xx;, (r <s <t) such that the
hyperplanes H(u), H(v), and H(w) uniquely determined by L and the respective
points u, v, w are pairwise distinct. Hence one pair among u, v, and w, say u
and v, is strictly separated by the hyperplane determined by the remaining point.
Since at most finitely many members of X, lie in H(w), there is a subsequence
X of X, which lies entirely on one side of H(w), and hence is strictly separated by
H(w) from one of the points u or v, say u. Then ux; meets H(w) at a point y;e S
for each x;e X;, and lim;y; = x. The induction hypothesis applied to the set
S N H(w)= S’ then implies that x can see S’ \{x} via S’, completing the proof.

Remarx 4. If S be the set of all terminating sequences of the form
(x1,+°+,%,,0,0,---) in Hilbert space 5, then S is a convex subset of 5 whose
closure is &, and no point in #°\S can see S via S. Lemma 3 cannot hold,
therefore, for infinite-dimensional spaces.

THEOREM 6. In a finite-dimensional linear space every connected m-convex
set is polygonally connected.

Proor. Let P be a maximal polygonally-connected subset of S. Unless P = S,
it follows that both P and S \P are (m — 1)-convex sets. Since either clPN(S \ P)
or P Nncl(S \ P) must be nonvoid, either a point of S \ P can see P via P or a point
of P can see S \P via S \P, contradicting the maximality of P. Hence P =S
and the theorem follows.
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COROLLARY 2. In a finite-dimensional linear space every connected m-convex
set is an L,, _4 set.

Proor. Let x and y be two points of the given set S, and let
X = Xg, X1y Xy =)

be the consecutive vertices of a polygonal arc in S joining x and y such that the
number » of sides is minimal among all such arcs joining x and y. If n =2 2m — 2
then {x,;: i=0,1,---,m — 1} would be a visually independent subset of S, a
violation of m-convexity. Therefore, n < 2m — 3.

The set S of Example 2 shows that the preceding result is the best possible.
For, S is m-convex, but every polygonal arc in S joining a; with b,,_, has at least
2m — 3 sides.

REMARK 5. The referee has pointed out that certain results of this section
hold with only minor, alterations for the following weaker condition: An infinite
set is oo-convex if it contains no infinite visually independent subset; a set is
exactly co-convex if it is oo-convex but not m-convex for finite m.

The m-convexity of a set obviously implies it is co-convex, but the example
illustrated by Figure 1 represents a compact starshaped subset of E* which is
exactly oo-convex. The set S,, mentioned previously (the local kernel at
X, =2z, — z5 of the 4-convex set S defined in Example 1) is not even co-convex.
The conclusion of Theorem 2 holds for co-convex sets if ““m — 1 or fewer” is
replaced by “‘“finitely many”’, the proof itself requiring no change at all. Lemmas 2
and 3 and Theorem 6 each hold without change for co-convex sets (the con-
clusions regarding L, sets reduce to mere polygonal connectedness in the case of
co-convex sets, so Theorem 4 and Corollary 2 do not lead to any new results).

The next theorem is a generalization of the well-known proposition that the cone
of a point over any convex set is convex (we shall use this classical result in the
proof). Here, the setting is a vector space ¥~ over any ordered field.

DerINITION  If § < 77, the cone of v over S is defined to be the set Uxe svx, and
will be denoted vS. If V < ¥, the cone of V over S is the set Uv v VS, denoted VS.

Recall that the kernel K of a set S is the intersection of all the local kernels of
S(=[)xesSy). It is well known that K is convex and may be obtained as the
intersection of all the maximal convex subsets of S.

THEOREM 7. IfS < ¥ is m-convex and V <¥ is any set such that the segment
joining each pair of distinct points of V meets the kernel K of S, then the set
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S’ = VS is also m-convex. Further, if S is the union of n convex sets, then S’
is the union of n convex sets.

Proor. Let K’ be the kernel of §'; we provethat V <« K'. If v, e V and xe S/,
there are points v, € V and ye S such that xev,p. If v, = v, thenvyx cv;y < .

Otherwise, there exists a point kev,v, " K and hence py = S. Now with the
notation u[vw] denoting the cone of u over vw,

vyx ©conv{vy, v,y = ylvw,] = y[vik Ukv,]
ylvik] Uylko,] = v,[yk] Yo,[yk] < S

Thus v, can see any point of S’ via S” and hence belongs to K'.

1

Now suppose x4, -+, X, are any m points of S’. By definition, there exist points
v,e V and y; € S such that x; e v;y;, i = 1,---,m. By m-convexity of S there exist i, j,
i #j, such that y;y; < S. If A = vi{y:y;] then A, is a convex subset of S’, and
the set A, = v;A, is also convex. Since v;€ K', A, = S’. But then x;e A; < A, and
x;€A,, 50 x;x; = A, = S’, proving that §” is m-convex.

The remainder of the theorem is obviously an application of the resuit just
obtained (for the special case of 2-convexity) to each of the convex sets C; = KC;,
where the C; are the convex sets in the union S = U}':l C;. Thus, V'C/'is convex
for each i and hence

s'=vs=v[UJcl=VvIUKCc]= rcy
i=1 i=1 i=1

4. The concept ofm-convexity and finite unions of convex sets. McKinney [13]
and Stamey and Marr [14] have given characterizations of closed sets which are
unions of two convex sets. It would seem that the concept of m-convexity should
be a useful tool in a characterization of sets which are unions of finitely many
convex sets. Example 1 shows that if one attempts to use m-convexity as the only
criterion the restriction to closed sets is necessary. Valentine’s result concerning
P, [16] suggests the conjecture that a closed m-convex set is the union of m or
fewer convex sets. The following example shows that this is false for m > 3,
even in E*:

ExampLE 3. Take the set in E* as illustrated in Fig. 2, consisting of the
union of 6 parallelograms and their interiors. This set is closed and 4-convex,
yet is not a union of fewer than 5 convex sets. The m-sided ring-shaped analogue
of Fig. 2 (as illustrated in Fig. 3 for the case m = 6) is (m + 1)-convex, but is
not a union of fewer than [4(3m + 1)] convex sets. A stronger example however,
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is provided by k disjoint copies of Figure 2, which can be altered slightly to achieve
connectedness; such a set is closed and (3k + 1)-convex, yet is not a union of fewer

than 5k convex sets.

Fig. 1 Fig. 2

Since a closed, connected 3-convex set is starshaped, one might consider imposing
the condition that an m-convex set be starshaped. The next example shows that a
closed, starshaped m-convex set need not be the union of m convex sets for m > 4
(it is an open question for the case m = 4).

Examrie 4. The 10-pointed star with interior as illustrated in Fig. 4 is a
closed, starshaped 5-convex set which is not the union of fewer than six convex
sets. Note that this example consists of a superposition of two pentagonal stars
and interiors. By taking the union of suitably positioned elongated pentagonal
stars one can generalize the example to higher values of m.
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A more concise example which achieves the same purpose is the following:

Given m = 2, take n=3m — 1, ¢ = ¢>*/",and S,, = (J}-, conv {0,¢’,¢'*"}. S,, is
an n-pointed star, is (m + 1)-convex, and is not a union of fewer than [3m/2]

convex sets,

Restricted versions of Valentine’s result have been obtained either in higher
dimensions or with a larger value of m. E. Buchman [ 3] has proved that a compact
3-convex set S < E?(d = 3) whose set @ of Inc points is contained in the interior
of the convex hulil of S and whose kernel has nonempty interior is the union of
two convex sets. Guay [ 5] proved that if S is a closed, starshaped 4-convex subset
of E* whose kernel is one-dimensional then S is the union of 4 convex sets, and
that if S is a closed, connected 4-convex subset of E* whose complement contains
a bounded component, then S is the union of 5 convex sets (Example 3 shows that
this result is best possible).
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